This paper is a study of harmonic maps from Riemannian polyhedra to locally non-positively curved geodesic spaces in the sense of Alexandrov. We prove Liouville-type theorems for subharmonic functions and harmonic maps under two di erent assumptions on the source space. First we prove the analogue of the Schoen-Yau Theorem on a complete pseudomanifolds with non-negative Ricci curvature. Then we study -parabolic admissible Riemannian polyhedra and prove some vanishing results on them.
Introduction
Harmonic maps between singular spaces have received considerable attention since the early 1990s. Existence of energy minimizing locally Lipschitz maps from Riemannian manifolds into Bruhat-Tits buildings and Corlette's version of Margulis's super-rigidity theorem were proved in [17] . In [34] Korevaar and Schoen constructed harmonic maps from domains in Riemannian manifolds into Hadamard spaces as a boundary value problem. See [31, 32, 35] . The book [13] by Eells and Fuglede contains a description of the application of the methods of [34] to the study of maps between polyhedra, see also [9, 11, 12] .
Our rst objective in this paper is to prove Liouville-type theorems for harmonic maps. We prove the analogue of the Schoen-Yau Theorem on complete (smooth) pseudomanifolds with non-negative Ricci curvature. To this end, we generalize some Liouville-type theorems for subharmonic functions from [49] .
The classical Liouville theorem for functions on manifolds states that on a complete Riemannian manifold with non-negative Ricci curvature, any harmonic function bounded from one side must be a constant. In [49] , Yau proves that there is no non-constant, smooth, non-negative, L p , p > , subharmonic function on a complete Riemannian manifold. He also proves that every continuous subharmonic function de ned on a complete Riemannian manifold whose local Lipschitz constant is bounded by L -function is also harmonic. Furthermore if the L -function belongs to L as well, and the manifold has non-negative Ricci curvature, then the subharmonic function is constant. In the smooth setting, there are two types of assumptions that have been studied on the Liouville property of harmonic maps. One is the niteness of the energy and the other is the smallness of the image. For example, Schoen and Yau in [45] , proved that any non-constant harmonic map from a complete non-compact manifold of non-negative Ricci curvature to a manifold of non-positive sectional curvature has in nite energy. Hildebrandt-Jost-Widman [26] (see also [24, 25] ) proved a Liouvilletype theorem for harmonic maps into regular geodesic balls in a complete C -Riemannian manifold from a simple or compact C -Riemannian manifold. For more references for Liouville-type theorems for harmonic maps and functions in both smooth and singular setting see the introduction in [39] .
A connected locally nite n-dimensional simplicial polyhedron X is called admissible, if X is dimensionally n-homogeneous and X is locally (n − )-chainable. It is called circuit if instead it is (n − )-chainable and every (n − )-simplex is the face of at most two n-simplex and pseudomanifold if it is admissible circuit. A polyhedron X becomes a Riemannian polyhedron when endowed with a Riemannian structure g, de ned by giving on each maximal simplex s of X a bounded measurable Riemannian metric g equivalent to a Euclidean metric on s.
There exist slightly various notions of boundedness of Ricci curvature from below on general metric spaces. See for example [1, 3, 14, 37, 38, 41, 42, 46] and the references therein. In what follows by Ric N,µg ≥ K we mean that (X, g, µg) satis es the either MCP(K, N) or CD(K, N) unless otherwise speci ed. As these denitions are somewhat technical we refer the reader to Section 3 for a precise statement.
The de nition of harmonic maps from admissible Riemannian polyhedra to metric spaces is similar to the one in the smooth setting. However due to lack of smoothness some care is needed in de ning the notions of energy density, the energy functional and energy minimizing maps. Precise de nitions and related results can be found in Subsection 2.4.
We can state now the main results which we obtain in this direction.
Theorem 1.1. Suppose (X, g, µg) is a complete, admissible Riemannian polyhedron and f ∈ W , loc (X) ∩ L (X) is a non-negative, weakly subharmonic function. Then f is constant. Theorem 1.2. Let (X, g, µg) be a complete, smooth n-pseudomanifold. Suppose X satis es CD( , n). Let f be a continuous, weakly subharmonic function belonging to W , loc (X) such that both ∇f L and ∇f L are nite. Then f is a constant function.
Here by a smooth pseudomanifold we mean a simplexwise smooth pseudomanifold which is smooth outside its singular set. That situation arises for instance when the space is a projective algebraic variety. The di culty in extending existing results lies in the lack of a di erentiable structure on admissible polyhedron in general, and the loss of completeness outside the singular set even in the case of smooth pseudomanifolds. Moreover the classical notion of Laplace operator doesn't exist in the non-smooth setting. To circumvent this latter problem and following the work [15] , we de ne the Laplacian of a subharmonic function as a measure for which the Green formula holds, see Theorem 4.1. Furthermore we prove a Ga ney's Stokes theorem in this setting, see Theorem 4.3.
The following two theorems are corollaries of Theorems 1.1 and 1.2 and are the generalizations of Shoen-Yau's theorem to the non-smooth setting. Theorem 1.3. Let (X, g, µg) be a complete, smooth n-pseudomanifold. Suppose X has non-negative n-Ricci curvature. Let Y be a Riemannian manifold of non-positive curvature, and u : (X, g) → (Y , h) a continuous harmonic map belonging to W , loc (X, Y). If u has nite energy and e(u) is locally bounded, then it is a constant map. Theorem 1.4. Let (X, g, µg) be a complete, smooth n-pseudomanifold. Suppose X has non-negative n-Ricci curvature CD( , n). Let Y be a simply connected, complete geodesic space of non-positive curvature and u : (X, g) → Y a continuous harmonic map with nite energy, belonging to W , loc (X, Y). If M e(u) dµg < ∞, then u is a constant map.
Our second objective in this paper is the study of -parabolic admissible polyhedra. We say a connected domain Ω in an admissible Riemannian polyhedron is -parabolic if, for every compact set in Ω, its relative capacity with respect to Ω is zero. Our main theorem is Theorem 1.5. Let X be -parabolic pseudomanifold. Let f in W , loc (X) be a continuous, weakly subharmonic function such that ∇f L and ∇f L are nite. Then f is constant.
Just as in the case of complete pseudomanifolds Theorem 1.6. Let (X, g, µg) be a -parabolic pseudomanifold with g simplexwise smooth. Let Y be a simply connected complete geodesic space of non-positive curvature and u : (X, g) → Y a continuous harmonic map with nite energy belonging to W , loc (X, Y). If we have X e(u)dµg < ∞, then u is a constant map.
Also we will obtain Theorem 1.7. Let (X, g, µg) be a -parabolic admissible Riemannian polyhedron with simplexwise smooth metric g. Let Y be a complete geodesic space of non-positive curvature and u : (X, g) → Y a continuous harmonic map belonging to W , loc (X, Y), with bounded image. Then u is a constant map.
In order to prove Theorem 1.5, we need to generalize some of the results in [27] to our setting. This is done in Section 5 in Propositions 5.3, 5.5 and 5.4. The proof of Propositions 5.3 and 5.5 follow a similar pattern as their equivalents for Riemannian manifolds. They are based on the fact that admissible Riemannian polyhedra admit exhaustions by regular domains and the validity of comparison principle on admissible Riemannian polyhedra. The main new ingredient in the proof of Theorem 1.5 is Proposition 5.4. The rest of this paper is organized as follows. In Section 2, we give a complete background on Riemannian polyhedra and analysis on them. Most de nitions and results have been taken directly from [13] . In Subsection 2.2, we compare the L based Sobolev space on admissible Riemannian polyhedra as in [13] with the one in [10] , and show that they are equivalent. As we could not nd references in the literature we provide a rather detailed explanation of this fact. In Section 3, we discuss the de nition of two notions of Ricci curvature, the curvature dimension condition CD(K, N) and the measure contraction property MCP(K, N) on metric measure spaces. We show that both notions are applicable to Riemannian polyhedra. In Proposition 3.6 we show that any non-compact complete n-dimensional Riemannian polyhedron of non-negative Ricci curvature has in nite volume. Subsection 4.1 is devoted to Theorems 1.1, 4.3, 1.2 and Subsection 4.2 to Theorems 1.3, and 1.4. In Section 5 we show that as in the smooth case the "approximation by unity" property holds on admissible -parabolic polyhedra, see Lemma 5.1. Moreover, we prove that removing the singular set of a -parabolic pseudomanifold yields a -parabolic manifold (Lemma 5.2). The rest of this Section is the detailed proof of Theorem 1.5 and its corollaries.
Preliminaries . Riemannian polyhedra
In this subsection we recall the de nitions and results about Riemannian polyhedra which will be used in the rest of the manuscript. We refer the reader to the book [13] for more complete discussion on the subject.
Simplicial complex
A countable locally nite simplicial complex K consists of a countable set {v} of elements called vertices and a set {s} of nite non-void subsets of vertices called simplexes such that i. any set consisting of exactly one vertex is a simplex. ii. any non-void subset of a simplex is a simplex. iii. every vertex belongs to only nitely many simplexes (the local niteness condition).
To the simplicial complex K, we associate a metric space |K| de ned as follows. The space |K| of K is the set of all formal nite linear combinations α = v∈K α(v)v of vertices of K such that ≤ α(v) ≤ , v∈K α(v) = and {v : α(v) > } is a simplex of K. |K| is made into a metric space with barycentric distance ρ(α, β) between two points α = α(v)v and β = β(v)v of |K| given by the nite sum
With this metric |K| is locally compact and separable. The metric ρ is not intrinsic. We denote by ρ(α, β) the length metric associated to ρ by the standard procedure [7] .
Lemma 2.1 ([13] ). Let K be a countable, locally nite simplicial complex of nite dimension n and V a Euclidean space of dimension n + . There exists an a ne Lipschitz homeomorphism i of |K| onto a closed subset of V.
We shall use the term polyhedron to mean a connected locally compact separable Hausdor space X for which there exists a simplicial complex K and a homeomorphism θ of |K| onto X. Any such pair T = (K, θ) is called a triangulation of X.
A Lipschitz polyhedron is a metric space X which is the image of the metric space |K| of some complex K under a Lipschitz homeomorphism θ : |K| → X. The pair (K, θ) is then called a Lipscitz triangulation (or brie y a triangulation) of the Lipschitz polyhedron X. A null set in a Lipschitz polyhedron X is understood a set Z ⊂ X such that Z meets every maximal simplex s (relative to some, and hence any triangulation T = (K, θ) of X) in a set whose preimage under θ has p-dimensional Lebesgue measure , p = dim s.
From Lemma 2.1 follows that every Lipschitz polyhedron (X, d X ) can be mapped Lipschitz homeomorphically and (simplexwise) a nely onto a closed subset of a Euclidean space.
Riemannian Structure on a polyhedron
The class of domains that we consider for our harmonic maps are Riemannian polyhedra. A Riemannian polyhedron is a Lipschitz polyhedron (X, d) such that for some triangulation T = (K, θ), there exist a measurable Riemannian metric g s = g ij dx i dx j on each maximal simplex s of i(|K|) (i as in Lemma 2.1), which satis es
almost everywhere in standard coordinate in the simplex s. Here the constant Λ is independent of a given simplex. The distance d g X on X is an intrinsic distance with respect to the metric g, meaning that d g = d g X is the in mal length of admissible path joining x to y. Actually (X, d g ) is a length space. The detailed de nition is somewhat subtle and we refer to [13] , for a careful discussion of Riemannian polyhedra.
A Riemannian metric g on a polyhedron X is said to be continuous, if relative to some (hence any) triangulation, gs is continuous up to the boundary on each maximal simplex s and for any two maximal simplexes s and s sharing a face t, gs and g s induce the same Riemannian metric on t. There is a similar notion of a Lipschitz continuous Riemannian metric.
A Riemannian polyhedron has a well de ned volume element given simplexwise by
this measure coincide with Hausdor measure.
Further de nitions
A polyhedron X will be called admissible if in some (hence in any) triangulation i. X is dimensionally homogeneous, i.e. all maximal simplexes have the same dimension n(= dim X), or equivalently every simplex is a face of some n-simplex. ii. X is locally (n − )-chainable, i.e. for every connected open set U ⊂ X, the open set U\X n− is connected.
The boundary ∂X of a polyhedron X is the union of all non-maximal simplexes contained in only one maximal simplex. In this work we always assume that (X, g) satis es ∂X = ∅. By an n-circuit we mean a polyhedron X of homogeneous dimension n such that in some (and hence any) triangulation, i. every (n − )-simplex is a face of at most two n-simplexes (exactly two if ∂X = ∅).
ii. X is (n − )-chainable, i.e. X\X n− is connected, or equivalently any two n-simplexes can be joined by a chain of contiguous (n − )-and n-simplexes.
Let S = S(X) denote the singular set of an n-circuit X, i.e. the complement of the set of all points of X having a neighborhood which is a topological n-manifold (possibly with boundary). S is a closed triangulable subspace of X of codimension ≥ and X\S is a topological n-manifold which is dense in X. An admissible circuit is called a pseudomanifold. We call a pseudomanifold (X, g, d X ) a Lipschitz pseudomanifold, if g is Lipschitz continuous. If g is simplexwise smooth such that (X\S, g| X\S ) has the structure of a smooth Riemannian manifold, we call (X, g, d X ) a smooth pseudomanifold. ¹
. The Sobolev space W , (X)
Let (X, g, d X ) denote an admissible Riemannian polyhedron of dimension n. We denote by Lip , (X) the linear space of all Lipschitz continuous functions u : (X, d X ) → R for which the Sobolev ( , )-norm u de ned by
is nite, S (n) (X) denoting the collection of all n-simplexes s of X and |∇u| the Riemannian norm of the Riemannian gradient on each s (The Riemannian gradient is de ned a.e. in X or a.e. in each s ∈ S n (X) by Rademacher's theorem for Lipschitz functions on Euclidean domains).
The Lebesgue space L (X) is likewise de ned with respect to the volume measure. The Sobolev space W , (X) is de ned as the completion of Lip , (X) with respect to the Sobolev norm · , . We use the notations Lip c (X), W , (X), and W , loc (X) for the linear space of functions in Lip(X) with compact support, the closure of Lip c (X) in W , (X) and all u ∈ L loc (X) such that u ∈ W , (U) for all relatively compact subdomains U in X.
Sobolev spaces on metric spaces
Here we recall a few basic notions on analysis on metric spaces. For the sake of completeness, we compare the L based Sobolev space on admissible Riemannian polyhedra as in [13] with the one in [10] and show that they are equivalent. We use [10] as our main reference. See also [2, [21] [22] [23] 44] and [6] for further references. Let (Y , d, µ) be a metric measure space, µ a Borel regular measure. Assume also the measure of balls of nite and positive radius are nite and positive. Fix a set A ⊂ Y. Let f be a function on A with values in the extended real numbers. 
For any Lipschitz function f , we have lip
where the in mum is taken over all sequence {g i }, for which there exists a sequence f i
For p ≥ , the Sobolev space H ,p , is the subspace of L p consisting of functions f for which f ,p < ∞ equipped with the norm · ,p . The space H ,p is complete. We de ne now the notions of generalized upper and minimal upper gradients. This will allow us to give a nice interpretation of the H ,p norm of Sobolev functions.
De nition 2.4. We say
such that g i is an upper gradient for f i for all i. ii. For xed p, a minimal generalized upper gradient for f is a generalized upper gradient g f such that f ,p = f L p + g f L p .
The following theorem ensures the existence of minimal generalized upper gradient for any Sobolev function.
Theorem 2.5 ([10]
). For all < p < ∞ and f ∈ H ,p , there exists a minimal generalized upper gradient g f , which is unique up to modi cation on subsets of measure zero.
We will discuss two important properties of metric spaces called the ball doubling property and the Poincaré inequality for functions on them. These are essential assumptions to get a richer theory on metric spaces.
De nition 2.6. Let (Y , d, µ) be a metric measure space. The measure µ is said to be locally doubling if for all r , there exists κ = κ(r ) such that for all y ∈ Y and < r < r ,
De nition 2.7. Let q ≥ . We say that Y supports a weak Poincaré inequality of type (q, p) if for all r > , there exist constants ≤ λ < ∞ and C = C(p, r ) > such that for all r ≤ r and all upper gradients g of f ,
where fx,r := Br(x) f dµ. If λ = , then we say that X supports a strong (q, p)-Poincaré inequality.
For every admissible Riemannian polyhedron (X, g, µg), µg is locally doubling. Moreover X supports a weak ( , )-Poincaré inequality and by Hölder's inequality ( , )-Poincaré inequality (see Corollary . and Theorem ( . ) in [13] ). In the sequel, the words "Poincaré inequality" refer to ( , )-Poincaré inequality. By Theorem . in [10] for any metric space which satis es (2.2) and (2.3), for some ≤ p < ∞ and q = , the subspace of locally Lipschitz functions is dense in H ,p . Furthermore, on a locally complete metric space with the mentioned properties, for some < p < ∞ and for any f locally lipschitz, we have g f = Lip f , µalmost everywhere (see [10] Theorem 6.1). Therefore, on a Riemannian polyhedron (X, g, µg), for any f ∈ H , , g f (y) = |∇f (y)| for a.e. y and it follows that H , is equivalent to W , . In the following, we always consider X = (X, g, µg) to be an admissible Riemannian polyhedron. Some of the concepts below are de ned on metric spaces in general but for simplicity we present them only on Riemannian polyhedron and for p = . For more information on metric spaces we refer the reader to [6] .
. Potential theory background
In this subsection we recall some of the de nitions in potential theory. First we de ne di erent notions of capacities (see [6] ).
Sobolev and variational capacities
The Sobolev capacity of a set E ⊂ X is the number
where the in mum is taken over all u ∈ W , (X) such that u ≥ on E.
Let E ⊂ Ω ⊂ X and Ω bounded. The variational capacity is de ned as
where the in mum is taken over all u ∈ W , (Ω) such that u ≥ on E. In this de nitions the in mum can be taken only over u ≤ such that it is equal on a neighborhood of E. Also we write cap(E) = cap(E, X). 
Weakly harmonic and weakly sub/super harmonic functions
It is said to be weakly subharmonic, respectively weakly superharmonic, if X ∇u, ∇ρ dµg ≤ , resp. ≥ for every ρ ∈ Lip c (X).
A function u ∈ W , (X) is weakly harmonic if and only if u minimizes the energy E(v) among all functions v ∈ W , (X) such that v − u ∈ W , (X) (see [13] ). In the following we discuss on the existence of minimizer under speci c assumption on the Riemannian polyhedra. Theorem 2.8 ([13] ). Suppose the following Poincaré inequality holds
with c depending only on the admissible Riemannian polyhedron X. For any f ∈ W , (X) the class of competing maps
contains a unique weakly harmonic function u. That function is the unique minimizer of E(u) = E , where
As a corollary of the above theorem we have Corollary 2.9. Assume that the domain Ω ⊂ X is bounded and such that the Sobolev capacity C(X\Ω) > . For any f ∈ W , (Ω), the class of functions
Proof. Since X satis es the Poincaré inequality and using Theorem . in [6] , Ω satis es the inequality (2.5).
By the above theorem, there is a unique minimizer which is weakly harmonic.
After correction on a null set every weakly harmonic function on X is Hölder continuous. A continuous weakly harmonic function is called harmonic.
Remark 2.10. From the discussion above one can see in the de nition of variational capacity that there is a harmonic function u which takes the minimum in (2.4) . This function is not necessarily continuous on the boundary of Ω\E.
Polar sets
A set S ⊂ X is said to be a polar set for the capacity if for every pair of relatively compact open sets
According to Theorem . in [6] (see also section in [19] 
Proof. The proof is based on the de nition of polar set and followed by a similar argument as the case of Riemannian manifolds. See Proposition . in [47] for the proof of the equivalence on Riemannian manifolds.
The Dirichlet space L , (X)
In this part we introduce the Dirichlet space L , (X) on an admissible Riemannian polyhedron X (see [13] for the de nition of Dirichlet spaces). The Dirichlet space L , (X) determines a Brelot harmonic structure on X. Using this fact we can show, X has a symmetric Green function which gives us information on the singularities of X. Proposition 2.12. [13] Suppose that, for every compact set K ⊂ X,
7)
with c(K) depending only on X and K. In particular, X is non-compact. The completion L , (X) of space Lip c (X) within L loc (X) with respect to the norm E(u) / is then a regular Dirichlet space of strongly local type. L , (X) is a subset of W , loc (X).
denote the generator induced from (L , (X), E), which is a densely de ned non-positive de nite self-adjoint operator satisfying E(u, v) = (∆u, v) L . Here D(∆) denotes the domain of operator ∆. We have Theorem 2.13 ([13] ). Let (X, g, µg) be an admissible Riemannian polyhedra such that the inequality (2.7) holds. Then X has a unique symmetric Green kernel
which is nite and Hölder continuous o the diagonal X × X.
For local questions, condition (2.7) is not required (it is automatically satis ed with X replaced by the open star of a point a of X relative to a su ciently ne triangulation and in view of inequality (2.3)). As a consequence of Theorem 2.13, we have Proposition 2.14. The (n − )-skeleton X (n− ) of an admissible Riemannian n-polyhedron is a polar set.
We should note that being polar is independent of the Riemannian structure on the polyhedron. Remark 2.15. Every closed polar subset F of X is removable for Sobolev functions, W , (X\F) = W , (X). A larger class of removable sets in this sense is that of all (closed) sets of (n − )-dimensional Hausdor measure zero (see Proposition . in [13] ).
. Harmonic maps on Riemannian polyhedra
The energy of a map from a Riemannian domain to an arbitrary metric space was de ned and investigated by Korevaar and Schoen [34] . Here we give an introduction to the concept of energy of maps, energy minimizing maps and harmonic maps on a Riemannian polyherdron. In the case that the target Y is a Riemannian Cmanifold, the energy of the map is given by the usual expression (similarly when the target is a Riemannian polyhedron with continuous Riemannian metric).
Let (X, g) be an admissible n-dimensional Riemannian polyhedron with simplexwise smooth Riemannian metric. We do not require that g is continuous across lower dimensional simplexes. Let Y be an arbitrary metric space. Denote by L loc (X, Y) the space of all µg-measurable maps φ : X → Y having separable essential range ² and for which d Y (φ(·), q) ∈ L loc (X, µg) for some point q (and therefore by the triangle inequality for any q ∈ Y). For φ, ψ ∈ L loc (X, Y) de ne their distance
The approximate energy density of a map φ ∈ L loc (X, Y) is de ned for ε > by
The function eε(φ) is of class L loc (X, µg) (see [34] ).
De nition 2.16. The energy
We say that φ is locally of nite energy and write φ ∈ W , Y) . Now we give a necessary and su cient condition for a map φ to be in W , loc (X, Y). 
Energy of maps into Riemannian manifolds
Let the domain be an arbitrary admissible Riemannian polyhedron (X, g) (g is only measurable with local elliptic bounds, unless otherwise speci ed) and the target is a Riemannian C -manifold (N, h) without boundary, X of dimension n and Y of dimension m.
Relative to a given countable atlas on a Riemannian C -manifold (N, h), a map φ : (X, g) → (N, h) is of class W , loc (X, N), or locally of nite energy, if i. φ is a quasicontinuous (after correction on a set of measure zero). ii. Its components φ , . . . , φm in charts η : V → R m are of class W , (U) for every quasiopen set U ⊂ φ − (V) of compact closure in X. iii. The energy density e(φ) of φ, de ned a.e. in each of the quasiopen sets φ − (V) covering X by
is locally integrable over (X, µg).
The energy of φ ∈ W , loc (X, N) is de ned by E(φ) = X e(φ) dµg.
Energy minimizing maps
We suppose that (X, g), n-dimensional admissible Riemannian polyhedra with g simplexwise smooth and Y any metric space. A map φ ∈ W , loc (X, Y) is said to be locally energy minimizing if X can be covered by relatively compact domains U ⊂ X for which E(ϕ| U ) ≤ E(ψ| U ) for every map ψ ∈ W , loc (X, Y) such that φ = ψ a.e. in X\U.
Harmonic maps
Consider an admissible Riemannian polyhedron (X, g), of dimension n, and a metric space (Y , d Y ),
De nition 2.18. A harmonic map
, which is locally energy minimizing in the sense that X can be covered by relatively compact subdomains U, for each of which there is an open set
for every continuous map ψ ∈ W , loc (X, Y) with ψ(U) ⊂ V and φ = ψ in X\U.
Every continuous, locally energy minimizing map φ : X → Y is harmonic. Also if Y is a simply connected complete Riemannian polyhedron of non-positive curvature, then a harmonic map φ : X → Y is the same as a continuous locally energy minimizing map.
We proceed now to characterize harmonic maps are continuous, weakly harmonic maps. We consider here (X, g) to be an arbitrary admissible Riemannian polyhedron and g just bounded measurable with local elliptic bounds, X of dimension n, and (N, h) a smooth Riemannian manifold without boundary, and the dimension of N is m. We denote by Γ k αβ the Christo el symbols on N.
De nition 2.19.
A weakly harmonic map φ : X → N is a quasicontinuous map of class W , loc (X, N) with the following property: for any chart η : V → R n on N and any quasiopen set 
Ricci Curvature on Riemannian Polyhedra
In the past few years, several notions of boundedness of Ricci curvature from below on general metric spaces have appeared. Sturm [46] and Lott-Villani [41] independently introduced the so called curvature-dimension condition on a metric measure space denoted by CD (K, N) . The curvature dimension condition implies the generalized Brunn-Minkowski inequality (hence the Bishop-Gromov comparison and Bonnet-Myer's theorem) and a Poincaré inequality (see [40, 41, 46] ). Meanwhile, Sturm and Ohta introduced a measure contraction property denoted as MCP(K, N) in Ohta's work. The condition MCP(K, N) also implies the Bishop-Gromov comparison, Bonnet-Myer's theorem and a Poincaré inequality (see [42, 46] ). Note that all of these generalized notions of Ricci curvature bounded below are equivalent to the classical one on smooth Riemannian manifolds. Then after the reduced curvature dimension condition CD * (K, N) has been introduce by Bacher and Sturm in [5] to overcome local-to-global property and it is equivalent to local CD(K, N) condition. More recently the notion of Riemannian curvature dimension condition RCD(K, ∞) has been introduced in [1] and it is equivalent to the CD(K, ∞) on in nitesimally Hilbertian metric measure spaces. The nite dimensional version of this notion RCD(K, N) has been introduced in [14] and independently in [3] and it is equivalent to CD * (K, N) on in nitesimally Hilbertian metric measure spaces.
Here we de ne both CD(K, N), MCP(K, N) and show that on a Riemannian polyhedron we can use both of them. In the following de nitions, we always assume that (X, d) is a separable length space, P(X) is the set of all Borel probability measures µ satisfying X d X (x, y) dµ(y) < ∞ for some x ∈ X. P (X) is the set P(X) equipped with the L -Wasserstein distance W de ned as
for µ , µ in P (X) and π in P(X × X) ranges between all transference plan between µ and µ . A transference plan is de ned as p * (π) = µ p * (π) = µ where p , p : X × X → X are projection to the rst and second factors respectively.
Curvature Dimension Condition
We now de ne the notion of spaces satisfying CD(K, N) condition following [41] . Suppose (X, d) is a compact length space. Let U : [ , ∞) → R be a continuous convex function with U( ) = . We de ne the non-negative function
with p( ) = . Given a reference probability measure ν ∈ P (X), de ne the function Uν : P (X) → R ∪ {∞} by
is the Lebesgue decomposition of µ with respect to ν into an absolutely continuous part ρν and a singular part µs, and
If N ∈ [ , ∞) then we de ne DC N to be the set of such functions U so that
is convex on ( , ∞). We further de ne DC∞ to be the set of such functions U so that the function
is convex on (−∞, ∞). A relevant example of an element in DC N is given by
(3.1)
De nition 3.1.
i. Given N ∈ [ , ∞], we say that a compact measured length space (X, d, ν) has non-negative N-Ricci curvature if for all µ , µ ∈ P (X) with supp(µ ) ⊂ supp(ν) and supp(µ ) ⊂ supp(ν), there is some Wasserstein geodesic {µ t } t∈ [ , ] from µ to µ so that for all U ∈ DC N and all t ∈ [ , ],
ii. Given K ∈ R, we say that (X, d, ν) has ∞-Ricci curvature bounded below by K if for all µ , µ ∈ P (X) with supp(µ ) ⊂ supp(ν) and supp(µ ) ⊂ supp(ν), there is some Wasserstein geodesic {µ t } t∈ [ , ] from µ to µ so that for all U ∈ DC∞ and all t ∈ [ , ],
Note that inequalities (3.2) and (3.3) are only assumed to hold along some Wasserstein geodesic from µ to µ , and not necessarily along all such geodesics. This is what is called weak displacement convexity. (Br (x) ).
To generalize the notion of N-Ricci curvature to the non-compact case, we always consider a complete pointed locally compact metric measure space (X, *, ν). Also for Uν to be a well-de ned functional on P (X), we impose the restriction ν ∈ M − (N− ) , where M − (N− ) is the space of all non-negative Radon measures ν on X such that
We de ne M−∞ by the condition X e −cd(*,x) dν(x) < ∞, where c is a xed positive constant. We should mention that most of the results for compact case (for example the Bishop-Gromov comparison) are valid for the non-compact case.
Measure Contraction Property
We de ne now the notion of measure contraction property MCP(K, N) following [42] . Let (X, d X ) be a length space and µ a Borel measure on X such that < µ (B(x, r) ) < ∞ for every x ∈ X and r > , where B(x, r) denotes the open ball with center x ∈ X and radius r > .
Let Γ be the set of minimal geodesics γ : [ , ] → X and de ne the evaluation map e t by e t (γ) := γ(t) for each t ∈ [ , ]. We regard Γ as a subset of the set of Lipschitz maps Lip([ , ], X) with the uniform topology. A dynamical transference plan Π is a Borel probability measure on Γ and a path {µ t } t∈ [ , ] ⊂ P (X) given by µ t = (e t ) * Π is called a displacement interpolation associated to Π. For the exact de nition of dynamical transference plan and displacement interpolation we refer the reader to [41] . For K ∈ R, we de ne the function Here we state two results that we are going to use in the sequel. In the following theorem we state Bishop volume comparison theorem for the space satisfying MCP(K, N). Proposition 3.5. Let (X, µ) be a metric space satisfying the MCP (K, N) . Then for any x ∈ X, the function µ (B(x, r) 
In the following we show that we can apply both measure contraction property and curvature dimension condition to a complete Riemannian polyhedra (X, g, µg). By previous section, a Riemannian polyhedron (X, g, µg) with the metric d X = d g X is a length space. Also for any x, y ∈ X we have e(x, y) ≤ d e X (x, y)
where e(x, y) denotes the Euclidian distance. It is easy then to show that µg is in M − (N− ) and so on a complete Riemannian polyhedron we can use the notion of CD(K, N). Also µg is Borel and by Lemma . in [13] , for any r there exist a constant c(r) such that c(r) − Λ − n r n ≤ µg (B(x, r) ) ≤ c(r)Λ n r n for all x ∈ X. Therefore < µg(B(x, r) ) < ∞ and the notion of MCP(K, N) is also applicable for N ≥ n. By Theorem . . in [4] , we have the Hausdor dimension is n and by Corollary . in [42] N should be greater than n.
In the rest of this work by Ric N,µg ≥ K can be taken to mean that (X, g, µg) satis es either MCP(K, N) or CD(K, N) unless otherwise speci ed. In the following Lemma we show that any complete Riemannian polyhedron with non-negative Ricci curvature has in nite volume. Lemma 3.6. Let (X, g, µg) be a complete, non-compact Riemannian polyhedron of dimension n. If Ric N,µg (X) ≥ for N ≥ n, then X has in nite volume.
Proof. First we consider the case MCP( , N). By the Bishop comparison theorem, Theorem 3.5, for x ∈ X and all < r ≤ r , µg(Br (x)) ≤ r r N µg(Br (x)).
By Proposition . . in [43] for every point in X, there exist a geodesic ray from that point. Consider a geodesic ray γ(t), ≤ t < ∞, such that γ( ) = x. We construct the balls B(γ(t), t − ) and B(γ(t), t + ) centered at γ(t) with radius t − and t + . We have
Letting t → ∞, we get µg(B(γ(t), t − )) → ∞ and therefore X has in nite volume. By Theorem 3.2, and since X is a complete locally compact length space, we can repeat the proof for the case when X satis es the non-negative N-Ricci curvature condition CD( , N), for N ∈ ( , ∞).
Here we recall some remarks that we need through the rest of this paper. i. By Remark . in [46] if (X, d, µ) satisfy MCP(K, N) so does any convex set A ⊂ X. When X is a smooth pseudomanifold, for any point x ∈ X\S, there exist a closed totally convex neighborhood V around x (for every point in a Riemannian manifold there is a geodesic ball which is totally convex). Therefore if X satis es Ric N,µg ≥ K, so does X\S. The same result is valid on metric measure spaces with CD (K, N) condition, see Theorem 5.53 in [41] . ii. By de nition of CD * (K, N) , CD * ( , N) is equivalent to CD( , N). iii. Since the Sobolov space W , (X) on an admissible Riemannian polyhedra (X, g, µg) is a Hilbert space, then X is in nitesimally Hilbertian³. Therefore the notion RCD(K, ∞) is equivalent to CD(K, ∞) and RCD( , N) is equivalent to CD( , N).
Some Function Theoretic Properties On Complete Riemannain Polyhedra . Liouville-type Theorems for Functions
The aim of this section is to generalize some of the results in [49] in order to prove some vanishing theorems for harmonic maps on Riemannian polyhedra. In [49] , Yau used the Ga ney's Stokes theorem on complete Riemannian manifolds to prove that every smooth subharmonic function with bounded ∇f L is harmonic. He uses this fact to prove that there is no non-constant L p , p > , non-negative subharmonic function on a complete manifold. We generalize this theorem to complete admissible polyhedra for p = as stated in Theorem 1.1. Proof of Theorem 1.1. Fix a base point x ∈ X and de ne ρ : X → R as
Observe that ρ is R -Lipschitz and ρ = on X\B(x , R) and ρ = on B(x , R). Since f is subharmonic,
From Cauchy-Schwarz we have
Combining the two previous inequalities, we obtain
The last line is a polynomial,
and it has non-positive value only if b ≥ c, which means that
Sending R to in nity and using the fact that f has nite L -norm, we conclude that
Since X is admissible, f is constant on X; rst we prove that f is constant on each maximal n-simplex S and then using the n − -chainability of X, we prove this in the star of any vertex p of X and then by connectedness on X.
In the following theorem, we show that the Laplacian of a weakly subharmonic function f ∈ W , loc (X) on a pseudomanifold in the distributional sense is a locally nite Borel measure. This gives us a verifying of Green's formula on these spaces. We then use this theorem, to prove that a continuous weakly subharmonic function with ∇f L < ∞ on a complete normal circuit is harmonic. and so Λα is continuous. Since Lip c (U) is dense in Cc(U) for a locally compact domain U, see Proposition . in [6] , then Λα is also continuous on Cc(ψα(Uα)). By assumption f is subharmonic and so Λα is positive. By Riesz representation theorem, Λα is a unique positive Radon measure. It follows that there is a positive Radon measure mα such that We recall a remark concerning the above theorem. . in [15] ). There he proved that on in nitesimally Hilbertian spaces this set contains only one element.
In the smooth setting, as a corollary of Ga ney's Stokes theorem, we have that on a complete Riemannian manifold every smooth subharmonic function f with bounded ∇f L is harmonic. We generalize this theorem as follows: Theorem 4.3. Let (X, g, µg) be a complete non-compact pseudomanifold. Let f be continuous, weakly subharmonic and belonging to W , loc (X) such that ∇f L is nite. Then f is a harmonic function.
Proof. We put A = ∇f L . We consider a sequence of cut-o functions ρn for xed q ∈ X such that ρn is n -Lipschitz and such that ρn is equal to on B(q, R) and its support is in B(q, R + n). f is a subharmonic function which satis es the condition of previous lemma, so there is a unique Borel measure m f such that
Let h be any function in Lip c (X) with support in B(q, R). We have
and tending n to in nity, we have
and implying that f is harmonic.
Now we prove a generalization of Proposition in [49] , see Theorem 1.2 for the exact statement. We give here another proof of the theorem above for smooth pseudomanifolds under the extra assumption that f should have nite energy. Instead of Theorem 4.1, we goal Cheeger's Green formula on compact smooth pseudomanifolds in the proof. Proof of Theorem 1.2. We put A = ∇f L and A = ∇f L . We present the proof in several steps.
Step 1. We consider a sequence of cut-o functions ρn as above such that the support of ρn is in B(q, R + n)
for xed q ∈ X\X n− and some R and ρn is equal to on B(q, R) and ρn is n -Lipschitz. Step 2. The (n − )-skeleton in X, X n− , is a polar set. We consider shrinking bounded neighborhoods U j of X n− in B(q, R + j), such that in each B(q, R + j) we have
By the de nition of polar set, for the open domains U j and U j− , we have cap(X n− ∩ U j , U j− ) = . This means that for every j, there exists a function φ j ∈ Lip(X) such that φ j ≡ in a neighborhood of X n− ∩ U j and φ j is zero outside U j− and X |∇φ j | < j . Moreover we have ≤ φ j ≤ . We put η j = −φ j . The function η j has the property that the closure of its support, supp η j , is contained in X\X n− and the set K j = supp η j ∩ B(q, R + j) is compact. Furthermore K j make an exhaustion of M = X\X n− . Step 3. According to Theorem in [20] , for any j, there exist a smooth subharmonic function f j on M such that sup x∈Kj |f j (x) − f (x)| < j and |∇f j (x)| ≤ |∇f (x)| on K j . where ξ j = ρ j · η j . To prove the above equality, rst we recall a Remark from [8] .
Step 6. In this step we prove f is locally Lipschitz. Since f ∈ W , loc (X) and by Theorem 12.2 in [6] , f is harmonic on X. Then by Corollary 6 in [33] (see also Theorem 3.1 in [30] ) f is locally Lipschitz. Remark 4.5. In [36] , the Lipschitz regularity of harmonic functions has been proved on metric measure spaces under the assumptions of Ahlfors regularity of the measure, Poincaré inequality and a heat semigroup type curvature condition. In the most recent work of [29, 30, 33] the Lipschitz regularity of the functions whose Laplacian are either in L p or in L ∞ has been studied under more relaxed assumption on the measure. Furthermore the Cheng-Yau gradient estimate has been obtained in [28] for metric measure spaces under RCD(K, N) curvature dimension condition. See [16, 50] which implies that e(u) is constant. If e(u) is not zero everywhere this means that the volume of X is nite. By Lemma 3.6, this is impossible and so u is constant. Now we prove Theorem 1.4. By the following lemma, the function d(u(·), q), where q is an arbitrary point in Y, is subharmonic under suitable assumption on the curvature of Y. We refer the reader to [13] Lemma . , for the proof.
Lemma 4.6. Let (X, g) be an admissible Riemannian polyhedron, g simplexwise smooth. Let (Y , d Y ) be a simply connected complete geodesic space of non-positive curvature, and let u ∈ W , loc (X, Y) be a locally energy minimizing map. Then u is a locally essentially bounded map and for any q ∈ Y, the function d(u(·), q) of class W , loc (X, Y) is weakly subharmonic and in particular essentially locally bounded.
We have Proof of Theorem 1.4. According the lemma above the function v(x) = d(u(x), u(x )) for some x ∈ X, is weakly subharmonic. We know that |∇v| ≤ ce(u), where c is a constant. v is a continuous subharmonic function whose gradient is bounded by an L and L integrable function. According to Lemma 1.1, v is a constant function and so u is a constant map.
Remark 4.7. Using above argument we have also showed every continuous harmonic map u : (X, g) → Y belonging to W , loc (X, Y) with M e(u) dµg < ∞, where (X, g, µg) is a complete, non-compact n-pseudomanifold with non-negative n-Ricci curvature CD( , n) and Y a simply connected, complete geodesic space of nonpositive curvature, is Lipschitz continuous.
-Parabolic Riemannian Polyhedra
In this last section we prove Liouville-type theorems for harmonic maps de ned on a Riemannian polyhedra X without any completeness or Ricci curvature bound assumption. We assume instead X to be -parabolic. Some of these results extend known results for the case of Riemannian manifolds. As for Riemannian manifolds, we say that a domain Ω ⊂ X in an admissible Riemannian polyhedra X is -parabolic, if cap(D, Ω) = for every compact set D in Ω, otherwise -hyperbolic. A reference on this subject is [19] , where the notion is discussed for general metric measure spaces. Our main results in this section are Theorems 1.6 and 1.7. We will rst need the following characterization of -parabolicity. Proof. First suppose Ω is -parabolic. Then every compact set D ⊂ Ω, with nonempty interior satis es cap(D, Ω) = . We choose an exhaustion D ⊂ D ⊂ D ⊂ . . . ⊂ Ω of Ω by compact subsets such that cap(D j , Ω) = for all j. Hence we can nd the function ρ j ∈ Lip c (Ω) (using the fact that Lip c (Ω) is dense in W ,
(Ω)) such that ρ j ≡ on D j and Ω |∇ρ j | dµg ≤ /j . We have constructed the desired sequence ρ j . Conversely, suppose there exists, a sequence ρ j ∈ Lip c (Ω) with the stated properties. Then we can nd a compact subset B ⊂ Ω and j such that ρ j ≥ / for every j ≥ j . It follows that cap(B, Ω) =
The following lemma shows that the -parabolicity remains after removing the singular set of a Riemannian polyhedron.
Lemma 5.2. If X is a -parabolic admissible Riemannian polyhedron and E ⊂ X is a polar set, then Ω := X\E is -parabolic.
Proof. X is -parabolic, so by Lemma 5.1, there are an exhaustion of X and a sequence of function ρ j ∈ Lip c (X) such that ≤ ρ j ≤ and ρ j → uniformly on each compact set, and X |∇ρ j | dµg → . Also by Lemma 2.11, there exist another sequence of functions φ j with support in X\E such that φ j → on each compact set of X\E and X |∇φ j | dµg → . The functions ρ j φ j on Ω provides the condition for -parabolicity in Lemma 5.1.
The following result is an extension of Theorem . in [27] to admissible Riemannian polyhedra. Proof. Since f is continuous, for any ϵ and at any point x in X there exist a relatively compact neighborhood B of x such that f (x) > f (x ) − ϵ on B . X is -parabolic, so cap(B , X) = . Consider an exhaustion of X by regular domains U i such that B U U . . . X. By Corollary . in [6] , such exhaustion exists.
There exist functions u i which are harmonic on U i \B , u i ≡ on B and u i ≡ on X\U i (See [18] and also Lemma . and . in [6] ). The maximum principle (see Theorem . in [13] or Lemma . in [6] for the comparison principle) implies that
De ne the function h i = (f (x ) − ϵ)u i , we have lim i→∞ h i = f (x ) − ϵ. On the other hand f ≥ h i on the boundary of U i \B . By the comparison principle f ≥ h i in U i \B , so f ≥ f (x ) − ϵ on X. Letting ϵ → , we obtain f ≥ f (x ) on X. If f is non-constant, there exist x ∈ X with f (x ) > f (x ). By the same argument we obtain f > f (x ). This is a contradiction and thus f is constant.
We prove the analogue of Theorem 1.2, for -parabolic admissible Riemannian polyhedra. Proposition 5.4. Let (X, g, µg) be a -parabolic pseudomanifold. Let f in W , loc (X) be a continuous, weakly subharmonic function, such that ∇f L and ∇f L are nite. Then f is harmonic.
Proof. Since X is -parabolic, by Lemma 5.1 for every compact set D ⊂ X, and an arbitrary exhaustion D ⊂ D ⊂ D ⊂ . . . ⊂ X of X by compact subsets, there exist a sequence of functions ρ j ∈ Lip c (X) such that ρ j ≡ on D j and X |∇ρ j | dµg ≤ /j . 
